We investigate realizations of topological insulators with spin-1 bosons loaded in a honeycomb optical lattice and subjected to a SU (3) spin-orbit coupling -a situation which can be realized experimentally using cold atomic gases. In this paper, we focus on the topological properties of the single-particle band structure, namely Chern numbers (lattice with periodic boundary conditions) and edge states (lattice with strip geometry). While SU (2) spin-orbit couplings always lead to timereversal symmetric Hubbard models, and thereby to topologically trivial band structures, suitable SU (3) spin-orbit couplings can break time reversal symmetry and lead to topologically non-trivial bulk band structures and to edge states in the strip geometry. In addition, we show that one can trigger a series of topological transitions (i.e. integer changes of the Chern numbers) that are specific to the geometry of the honeycomb lattice by varying a single parameter in the Hamiltonian.
I. INTRODUCTION
Over the last few years, the continuous progress in the degree of control, tunability and flexibility of ultracold atomic gases experiments [1] [2] [3] has opened the lab door to a whole class of model Hamiltonians, as witnessed for example by the recent implementation of artificial gauge fields [4] [5] [6] [7] [8] [9] [10] . Some of these model Hamiltonians are directly inherited from condensed matter physics, for instance the integer and fractional quantum Hall effects [11] [12] [13] . More saliently, physicists have further proposed new theoretical ideas and physical situations, such as topological phases [14] [15] [16] [17] [18] [19] , non-Abelian particles [20] or mixed dimensional systems [21] [22] [23] [24] [25] , that could be tested in the lab. In particular, experiments involving spinors, either made of bosons or fermions in different Zeeman sub-levels, are now able to implement and study non-Abelian gauge fields [17, [26] [27] [28] [29] . In these systems, the kinetic energy term in the Hamiltonian allows for a modification of the internal degrees of freedom as the particle propagates [30, 31] , leading to a rich class of non trivial physical phenomena, especially with interactions. In two-dimensional lattices, and in particular when spinorbit coupling is present, the corresponding non-Abelian gauge fields induce non-diagonal hopping matrices in the tight-binding Hubbard Hamiltonian that mix and flip the spin degrees of freedom [30, 31] . 2-component bosonic and fermionic gases (in the bulk or in a lattice) have been the subject of many recent analytical and numerical studies [32] [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] [44] [45] [46] .
In marked contrast, 3-component bosonic or fermionic gases subjected to a SU (3) gauge field have been much less studied: the experimental realization is more complicated [30, 47, 48] and their theoretical studies are more involved, the gauge field group being much larger [49, [51] [52] [53] [54] . On the other hand, tight-binding models with a SU (3) spin-orbit coupling can break time reversal symmetry and lead to topological insulators: the bulk band structure is topologically non trivial (non-zero Chern numbers) and edge states develop for a strip geometry [49] . Such a situation cannot occur in any kind of SU (2) models as we will explain later. In addition, since SU (3) has a more complex group structure than SU (2), one expects a larger variety of spin textures for interacting particles. These spin textures are associated to different homotopy groups and appear both in the ground state and in the excitations above the ground state [19, [50] [51] [52] [53] [54] .
Our paper consists of three main parts. In Section II, we give some general properties of SU (N ) Hubbard models and describe the SU (3) tight-binding model on the honeycomb lattice that we consider. We analyze its timereversal properties. In Section III we study the topological properties of the band structure obtained for a lattice with periodic boundary conditions and compute the corresponding Chern numbers [55] [56] [57] [58] . Next we study the edge states that are expected in the lattice strip geometry, as inferred from the bulk-edge correspondence [59] [60] [61] [62] [63] . In Section IV, we show how to trigger a series of topological transitions in the band structure of our SU (3) model (i.e. integer changes in the Chern numbers) by varying a single parameter in the Hamiltonian. The variety of such topological transitions is richer on the honeycomb lattice than on the square lattice. In Section V, we summarize our results and conclude with some perspectives.
II. SU (N ) TIGHT-BINDING MODELS AND TIME-REVERSAL SYMMETRY
A. Some general properties
The general tight-binding Hubbard Hamiltonian for non-interacting particles with spin s on a twodimensional lattice has the following form
where the sum is carried over all nearest-neighbour lattice site pairs i, j and whereψ
is the (2s + 1)-component row-spinor built at each lattice site i on the creation operatorsψ † i,σ for each spin component σ (|σ| ≤ s). The (2s + 1) × (2s + 1) hopping matrix T ij is connecting the different spin components at site j to the different spin components at site i. Since the HamiltonianĤ is Hermitian, one has T ji = T † ij . SU (N ) Hubbard models (N = 2s + 1) are obtained with T ij = −t ij U ij where t ij are real positive numbers and where the matrices U ij ∈ SU (N ) describe the unitary transformation of the spin states between sites j and i. Using the exponentiation map, one often writes U ij = exp (iA ij ) where A ij are N × N traceless Hermitian matrices representing the gauge field acting on the system. The matrices A ij live in the Lie algebra spanned by the generators of SU (N ) [64] . Since T ji = T † ij , we have t ji = t ij and U ji = U † ij , which implies A ji = −A ij . Non-Abelian SU (N ) models are obtained when the matrices U ij do not commute, i.e. when the matrices A ij do not commute, meaning that a nonAbelian gauge field is acting on the system. When the system is invariant under a certain discrete translation group T r , the spectrum of the HamiltonianĤ exhibits a band structure. Note that T r can differ from the Bravais translation group of the underlying lattice itself (this is the case, for example, in the presence of an external magnetic field with rational flux per plaquette). Each band n is described by its eigenvalues n (k) and eigenvectors |n, k for all Bloch wavevectors k in the first Brillouin zone BZ defined by the translation group T r . For an isolated band, one can define the first Chern number as [57, 58] 
where Ω n (k) is the Berry curvature of the nth band
and A n is the Berry connection of the nth band [57] .
Being an integer, the Chern number can only change when two bands touch, that is, when a gap closes. Chern numbers of a given tight-binding Hamiltonian satisfy a "zero-sum rule": they all add up to zero. For inversionsymmetric systems (resp. for time-reversal invariant systems), it is well known that the Berry curvature is even (resp. odd) in the BZ:
These two properties show that: (i) the Berry curvature itself identically vanishes ifĤ is invariant under both space inversion and time reversal; (ii) Chern numbers of time-reversal invariant Hamiltonians are necessarily vanishing. Therefore, only systems that break time reversal symmetry can have non-trivial topological properties, i.e. non-vanishing Chern numbers. In the present situation, the topological properties of a tight-binding Hamiltonian H, see Eq. (1), depend crucially on the behavior of the different T ij under time reversal. At the single particle level, and up to an inessential overall phase factor, the (anti-unitary) time reversal operator is defined as Θ = e − iπ Jy K, where J y is the projection of the spin operator J of the particle on the y direction and where K is the complex conjugation operator. One has Θ 2 = 1 1 for integer spins and Θ 2 = −1 1 for half-integer spins [65] . Under time reversal a SU (N ) Hamiltonian becomes [66] 
and time reversal ΘĤΘ −1 =Ĥ is automatically guaranteed when the matrices A ij are all odd under time reversal. In this case, the corresponding SU (N ) Hubbard model is topologically trivial. This is the situation for spin-1 2 systems, where all the generators of SU(2) (Pauli-matrices) are odd under time reversal symmetry. In this case Θ = −iσ y K where σ y is the projection of the Pauli spin operator σ along axis y. As a result, all non-interacting SU (2) Hubbard models are topologically trivial. Indeed, for SU (2) systems, A ij = α ij · σ where α ij are real vectors and A ij is always odd under time reversal since ΘσΘ −1 = −σ. On the contrary, for N ≥ 3, that is for spins s ≥ 1, the even sector of the Lie algebra SU (N ), made by the operators O that fulfill ΘOΘ −1 = O, is not empty. Thus, by conveniently choosing A ij in the even sector, one can break time reversal invariance and have topologically non-trivial SU (N ) Hamiltonians. In this paper we will consider such a system for spin-1 particles. In this case, the time reversal operator is Θ = JK with:
Using the generators of the SU (3) group, one can write [49] . Note however that, while the time reversal invariance properties of the system can be directly and safely inferred from the matrices U ij , it is a bit more subtle when using the exponential map. Indeed one could have A ij in the even sector and still preserve time reversal invariance provided that exp(2iA ij ) = 1 1. For instance the gauge field
and one has ΘU ij Θ −1 = U ij . In Appendix B, we give convenient parametrizations of unitary U (3) matrices which are even or odd under time reversal.
B. Non-Abelian SU (3) model on the honeycomb lattice
In the following, we investigate a SU (3) topological insulator consisting of non-interacting spin-1 bosonic particles moving on a honeycomb lattice. Our system is similar to the one studied in Ref. [49] on the square lattice. The honeycomb lattice is a triangular Bravais lattice obtained by repeated translations R(n 1 , n 2 ) = n 1 a 1 + n 2 a 2 (n 1 and n 2 integers) of a unit cell containing two inequivalent sites denoted by A and B, see Fig. 1 . Of importance for the following are the link vectors δ 1 , δ 2 and δ 3 connecting any site A to its 3 nearest-neighbor sites B. They satisfy δ 1 − δ 2 = a 1 , δ 1 − δ 3 = a 2 and δ 1 + δ 2 + δ 3 = 0, see Fig. 1 . With our choice of origin in Fig. 1 , the positions of all sites A and B in the lattice are labeled by R A n1,n2 = R(n 1 , n 2 ) − δ 1 /2 and R B n1,n2 = R(n 1 , n 2 ) + δ 1 /2. In the following we fix the unit length by setting the lattice constant to unity, i.e. |δ a | = 1 (a = 1, 2, 3).
We now assign the hopping matrices T 1 = −t 1 1 along links δ 1 , T 2 = −t D along links δ 2 and T 3 = −t U along links δ 3 , with t a (real) hopping rate. The SU (3) matrices where j = exp(2iπ/3). From these expressions, one can check that T 3 is breaking time reversal symmetry, which gives rise to a band structure with non-vanishing Chern number, see below Sec III. While spin states are unaffected when particles hop along link vectors δ 1 , they acquire spin-state dependent phases when particles hop along link vectors δ 2 and they undergo a circular permutation 1 → 0 → −1 → 1 when particles hop along the link vectors δ 3 . Note that, since these matrices fulfill D 3 = U 3 = 1 1, a spin state is mapped back to itself after three consecutive hoppings along a given link vector δ 2 or δ 3 . On the contrary, since D and U do not commute, the present spin-orbit coupling configuration corresponds to a genuine non-Abelian SU (3) model on the honeycomb lattice: the corresponding gauge fields A 2 and A 3 defined by T a = −te iAa (a = 2, 3) do not commute and, therefore, the transport of a spin state around a hexagon leads to a non trivial Wilson loop value [67] .
III. TOPOLOGICAL PROPERTIES A. Infinite system -Bulk spectrum
Since the unit cell of the honeycomb lattice hosts two inequivalent sites, it is customary to distinguish the bosonic annihilation and creation operators on A and B sites:â † n1,n2 denotes the creation operator on the site R A n1,n2 andb † n1,n2 denotes the creation operator on the site R B n1,n2 . Each of them is a spinor of dimension 3 accounting for the 3 spin states of the spin-1 bosonic particles considered in our model.
Being translation-invariant along the Bravais vectors a 1 and a 2 , the lattice Hamiltonian is diagonal in momentum space,Ĥ = k∈BZĤ k , wherê
a k (resp.b k ) is the Fourier transform ofâ n1,n2 (resp. b n1,n2 ); the Bloch wavevector k belongs to the first Brillouin zone and reads
where the honeycomb reciprocal lattice vectors b 1 and 
Diagonalizing the Bloch Hamiltonian H k yields 6 bands 1 (k) ≤ . . . ≤ 6 (k) where the 3 (negative) lower bands are mirror images of the 3 (positive) upper bands with respect to the zero-energy plane, see Fig. 2 . This mirror symmetry originates from the bipartite nature of the honeycomb lattice and is also found in the usual band structure of graphene: eigenvalues come in opposite pairs. This is because P H k P = −H k where P is the diagonal matrix with entries 1 1 and −1 1. Noting that
where
We thus get the band structure 1,2,3 = −t µ 1,2,3 and 4,5,6 = t µ 3,2,1 , highlighting the mirror symmetry of the bands with respect to the zero-energy plane.
Dirac points are found at points k ∈ BZ where two eigenvalues of N † k N k coalesce [68] . Noting that N † k = SN −k S, where S is the anti-diagonal matrix with unit entries, we see that N † k N k and N −k N † −k , and thus N † −k N −k , have the same spectrum. This shows that the Dirac points must come in opposite pairs in the Brillouin zone. In contrast to the graphene band structure which exhibits only 1 pair of such Dirac points, we get 9 pairs of Dirac points here, obtained when µ 3 (k) = 0, that is between bands 3 (k) and 4 (k). The other bands remain fully isolated. Hence, just like graphene, our system is a semi-metal. We note that getting 9 pairs of Dirac points is not generic but specific to our SU (3) model. It arises from an additional symmetry in our Hamiltonian due to our particular choice of the hopping matrices U and D. We point out that this is not because of a smaller effective Brillouin zone since our Hamiltonian, as can be seen from the expression of M k above, is invariant under Bravais translations only. Instead, one can show that
meaning that the matrices N k+bi/3 (i = 1, 2) and N k are unitarily equivalent. Thus, up to a global gauge transform, the two Hamiltonians H k+b1/3 and H k are identical. The same conclusion holds true for Hamiltonians H k+b2/3 and H k . Going back to the direct lattice, these global gauge transforms amount to a "rotation" of the spin degrees of freedom on each individual lattice site by the same unitary matrix. This shows that the Hamiltonians H k+b1/3 , H k+b2/3 and H k have the same spectra. We thus infer that
Note that a mass term such as ∆(n A −n B )/2 does not break the mirror symmetry between positive and negative eigenvalues, nor does it break the translation invariance of the lattice Hamiltonian. But it does lift the band degeneracies. Indeed, it adds the terms ∆/2 and −∆/2 on the diagonal entries of H k , Eq.(10), and the constant term ∆ 2 /4 on the diagonal entries of H 2 k , leading to n (k, ∆) = ±t µ 2 a (k) + (∆/2t) 2 and thus to n (k, ∆) = − 7−n (k, ∆). This shows that C n (∆) = C 7−n (∆): the Chern numbers come in equal pairs [69] . Because of this symmetry, the total zero-sum rule of Chern numbers boils down to 2 separate zero-sum rules
We now turn to the numerical computation of the Chern numbers. Strictly speaking, C n , as given by Eq. (2), is only well-defined for an isolated band. Since the 2 middle bands 3 and 4 are touching, we add a small mass term ∆ = 0.1t, such that the six bands are fully isolated. Following [70] , this allows to safely compute C n for each band and quantify the topology of the band structure. For our SU (3) model, we find C 1 = 3, C 2 = −6 and C 3 = 3 [71] . These nonzero values signal non-trivial topological properties of the bulk band structure.
B. Finite system -Edge states
As is well known, a lattice Hamiltonian having a band structure with non-vanishing Chern numbers exhibits edge states in a strip geometry [63] . We consider such a finite lattice strip for our SU (3) model and compute the spectrum for open boundary conditions in the a 1 direction (0 ≤ n 1 ≤ N ) and periodic boundary conditions in the a 2 direction (unrestricted n 2 ). The lattice strip we consider has left and right zig-zag boundaries. Since Without the spin-orbit coupling term, our system is equivalent to graphene with threefold degenerate bands (i.e. one copy of the graphene band structure per spin component). The spin-orbit terms couple these 3 bands, eventually lifting their degeneracy and leading to the spectrum shown in (a). Due to the particular choice of the spin-orbit coupling terms U and D, the band structure has the additional translation symmetry: n(k1, k2) = n(k1 + 1/3, k2) = n(k1, k2 + 1/3).
the Hamiltonian is still invariant under lattice translations along a 2 , the Bloch wavevector along b 2 remains a good quantum number. Therefore, we introduce the Fourier transform operatorsâ n1,k2 andb n1,k2 along a 2 . The Hamiltonian, for a given Bloch wavevector k 2 , now reads:
with |k 2 | ≤ 1/2. By diagonalizingĤ k2 , we obtain the band spectrum shown in Fig. 3 . This spectrum has to be compared to the bulk spectrum, shown in Fig. 4 , that has been obtained for the same number of cells N along a 1 but with periodic boundary conditions. As expected from our analysis of the bulk spectrum, we indeed find additional states in the gaps between bands with different Chern numbers, that is between the first and second bands, between the second and third bands and, by symmetry, between the fourth and fifth bands and between the fifth and sixth bands. No additional states appear between the third and the fourth band, since these two bands have equal Chern numbers. Let us define the position x i (i = 1, . . . , 2N ) of the sites along a given horizontal zig-zag chain crossing the lattice strip from left to right. We denote by P n (x i , k 2 ) the spatial distribution of the eigenstate with eigenvalue n (k 2 ) along this chain. The color scale of Fig. 3 shows the average position d n = i x i P n (x i , k 2 ) of the eigenstate in the strip. We see that states chosen within the contrary, states connecting bulk-like bands with different Chern numbers are either strongly localized on the left boundary (black) or on the right boundary (green) of the lattice: these are the celebrated edge states. We also see that, in our system, edge states within a given gap are localized on one side of the strip when their group velocity is positive and on the other side of the strip when their group velocity is negative. This one-to-one correspondence between the sign of the slope of the energy dispersion relation of an edge state and its spatial localization changes from one gap to the other. This feature, particular to our system, emphasizes the chiral character expected for particle transport at the boundaries. Interestingly, one can recover the values of the Chern numbers of our bulk system from the bulk-edge correspondence [59] [60] [61] . Within a given gap, one counts the number of edge state N + and N − with positive and negative group velocities that give rise to a localization on the right side of the strip. The difference (N + −N − ) is then equal to the sum of the Chern numbers of all the bands below the gap considered. This recipe allows to reconstruct all Chern numbers with their sign. It is easy to check that we do recover the values computed in the preceding paragraph. For instance, the absence of edge states linking the third and the fourth bands (N + = N − = 0) is in agreement with the fact that the sum of the Chern numbers of the three lowest bands vanishes, N + −N − = C 1 +C 2 +C 3 = 0.
The probability distribution P n (x i , k 2 ) ∝ e γxi of an edge state decays exponentially with x i when it is localized at n 1 = 0 (γ < 0) and grows exponentially with x i when it is localized at n 1 = N (γ > 0). The (positive or negative) value of the characteristic scale 1/γ depends both on the edge state considered and on the Bloch wavector k 2 . This is emphasized in Fig. 5b where we plot γ as a function of k 2 for the edge states with the dispersion relation highlighted in Fig. 5a . As one can see, the state is localized on the left side of the strip (n 1 = 0) as long as its group velocity is negative. For values of k 2 roughly in the range 0.6−0.7, the state dives into the bulk band and becomes delocalized. The decay coefficient γ then vanishes. For larger k 2 values, the group velocity becomes positive and the state is now localized on the right side of the strip (n 1 = N ). Finally, Fig. 5c shows the probability distribution P n for the different edge states shown in Fig. 5a ) for a given value of k 2 0.458. Here again, one can see the correlation observed in our system between the sign of the group velocity and the localization center of the edge state.
IV. TOPOLOGICAL TRANSITIONS
The Chern number of a given isolated band is an invariant integer-valued topological quantity. Its value can only change when the band comes in contact with another one. A vanishing gap can be achieved by changing parameters in the Hamiltonian, for example the strength of the spin-orbit coupling. In general, the hopping matrices along links δ a can be written as T a = −t exp (iA a ) (a = 1, 2, 3). The traceless Hermitian featuring gauge field can be written as A a = α a · λ, where α a is a real 8-component vector and λ is the 8-component vector made of the Gell-Mann matrices. We have first monitored the band structure, gaps and Chern numbers by considering various configurations of the three vectors α a . However, for all configurations that we tested, we could only recover the set of Chern numbers (3, −6, 3) already found in Section III for the 3 negative bands, or the opposite set (−3, 6, −3). The same result was obtained by allowing for imbalanced tunneling amplitudes, that is T a = −t a exp (iA a ), and by varying the t a .
More saliently, we found other topological transitions giving rise to different sets of Chern numbers by adding a spin-dependent chemical potential term −(µ A n A + µ B n B ) to the Hamiltonian. The chemical potential matrix for A sites reads µ A = −∆/2 1 1 + δµ A S z and µ B = ∆/2 1 1 + δµ B S z for B sites. Note that ∆ is the usual (spin-independent) mass term (see Section III). All in all, we found that the two following spin-dependent chemical potential configurations
• δµ B = δµ A (spin-dependent local potential).
with an additional spin-orbit coupling along δ 1 gave rise to a larger variety of Chern numbers. We point out that, without this additional spin-orbit coupling, one can still find Chern numbers differing from ±(3, −6, 3), but only for some particular values of the spin-orbit couplings along δ 2 and δ 3 .
As an example, we consider a system with spindependent mass imbalance (∆ S = 0) and non-Abelian Fig. 6 . At ∆S = 0, one recovers the expected set of Chern numbers (−3, 6, −3) . The values for the 3 lowest bands are obtained from the symmetry relation C7−n(∆S) = Cn(−∆S). They satisfy the zero-sum rule C6 + C5 + C4 = 0 for each value of ∆S, see text.
hopping matrices T 1 = −t V = −t exp (iA 1 ) where
For sake of simplicity, we also choose ∆ = 0. Fig. 6 shows the 6 Chern numbers C n and the different band gaps that are obtained as a function of ∆ S . As one can see, we get new sets of Chern numbers now and not just ±(3, −6, 3), see Table I . The vertical lines in Fig. 6 are guides to the eye that mark a gap closing between 2 adjacent bands. We see that the different gaps do not close at the same time. This emphasizes that it is only the pair of Chern numbers C n+1 and C n of the bands involved in the gap closing g n+1,n = 0 that can change. One has:
the other Chern numbers remain unaffected. We further note that changing the sign of all the mass imbalances amounts to flipping the sign of the eigenvalues of the Hamiltonian,
We therefore have the property that C 7−n (∆, ∆ S ) = C n (−∆, −∆ S ). This symmetry in the Chern numbers can be readily checked in Fig. 6 obtained for ∆ = 0. One also confirms that gaps have the same symmetry, g n+1,n (∆ S ) = g 7−n,6−n (−∆ S ), from which one concludes that g 43 is symmetric in ∆ S . We also note that the gap g 43 only closes at ∆ S = 0 but that this degeneracy does not modify C 3 and C 4 . As a consequence, the change in Chern numbers after a gap closing can only occur within the subset (C 1 , C 2 , C 3 ) or within (C 4 , C 5 , C 6 ). The Chern numbers thus satisfy again the separate zero-sum rules C 1 +C 2 +C 3 = C 4 +C 5 +C 6 = 0. Finally all bands eventually reach a vanishing Chern number for large enough values of |∆ S |, even though the Berry curvatures neither vanish nor display any particular symmetry. Fig. 7 shows a plot of the Berry curvature of the second band 2 (k, ∆ S ) in the Brillouin zone obtained for ∆ S = −2.6 where C 2 = 1 (top plot) and for ∆ S = −4 where C 2 = 0 (bottom plot). In both cases, the Berry curvatures exhibit qualitatively similar structures.
As explained above, such a rich variety of Chern numbers and topological transitions have been obtained by imposing spin-dependent chemical potentials on sites A and B and different spin-orbit couplings along the 3 links, keeping intact, at the same time, the underlying triangular Bravais symmetry of the honeycomb lattice. We have studied the same situation on the square lattice (not shown here) but were not able to find such a rich variety of Chern numbers and topological transitions. The probable reason is that the square lattice has only 2 link vectors and thus accommodates less configurations of spin-orbit couplings. From that point of view, the SU (3) model on the honeycomb lattice exhibits a band structure with richer topological properties.
A similarly rich variety of topological transitions and Chern numbers is obtained by allowing for complex α a in the gauge fields A a = α a · λ. However, this situation, even if experimentally feasible, does not correspond to a pure SU (3) gauge potential anymore.
We emphasize that the bulk bands remain well isolated for a large variety of gauge fields A a and for many values of the the spin-dependent mass imbalance ∆ S . However, even though the bands do not touch at any point in the Brillouin zone, they can still overlap on the energy axis, which means that there is no charge gap separating them. This situation is depicted in Fig. 8 for ∆ = ∆ S = 0, T 1 = −t U, T 2 = −t D and T 3 = −t V. But, since the Chern numbers are still well defined, topological edge states linking the different bands still appear in the strip lattice configuration. On the other hand, the absence of charge gaps prevents the system from behaving like a Chern insulator and no Hall plateaus are then expected in transverse conductance measurements.
V. CONCLUSION
We have studied the topological properties of a noninteracting Hubbard model on the honeycomb lattice with SU (3) spin-orbit couplings. We have emphasized that, in marked contrast with lattice SU (2) models which are always topologically trivial, these SU (3) models can break time reversal invariance. As a consequence, their bulk band structure becomes topologically non trivial: bulk bands have non-zero Chern numbers and chiral edge states develop in a lattice strip configuration with open boundary conditions. We have also shown that SU (3) models on the honeycomb lattice allow for a larger variety of topological transitions than on the square lattice [49] because of a higher lattice coordination number.
A natural extension of the present work is to include interactions in our model and understand their impact on the topological properties of the system, in particular the emergence of non-trivial spin textures breaking the translation symmetry of the lattice [32, 33, 51, 53] . Because SU (3) is a larger gauge group than SU (2), we expect a much larger variety of topological properties for these spin textures [19, 50] .
Appendix A: Gell-Mann matrices
The generators of the SU (3) group are g a = λ a /2 where the λ a are the Gell-Mann matrices:
They satisfy Tr(λ a λ b ) = 2δ ab . One can easily check that:
Appendix B: Time-reversal and unitary matrices
Time reversal symmetric unitary matrices U ∈ U (3) can be parametrized as follows
where the angles φ, χ a and χ b are arbitrary real parameters and n is an arbitrary integer. Since Det(ΘU even Θ −1 ) = Det(U * even ) = (Det U even ) * = Det U even , we conclude that Det U even is real and U even is unimodular: Det U even = ±1. This can be directly checked from the matrix expression given above. This result is in fact general: any unitary N × N matrix which is even under time reversal is unimodular.
If U is odd under time reversal, a convenient parametrization is: 
Now we have (Det U odd ) * = Det(−U odd ) = −Det U odd and Det U odd = ∓i is purely imaginary (as can be directly checked with the above matrix expression). As a consequence, U odd does not belong to SU (3). Alternatively, SU (3) matrices breaking time reversal invariance (ΘUΘ −1 = U) cannot be odd. This results holds true for any unitary N × N matrix which is odd under time reversal provided N is odd. Indeed (Det U odd ) * = Det(−U odd ) = (−1) N Det U odd shows that Det U odd is purely imaginary when N is odd. Thus U odd cannot belong to SU (N ) and SU (N ) matrices breaking time reversal invariance cannot be odd when N is odd. When N is even, U odd is unimodular. This means that it is possible to have SU (N ) matrices which are odd under time reversal when N is even, with the notable exception of N = 2, as shown in the paper. . Even though the bulklike bands are well isolated and thus never touch anywhere in the Brillouin zone, there is no finite charge gap separating them anymore. The Chern numbers being well defined, edge states are still present and link the different bands. The color scale on the right side shows the average position dn of the eigenstates along a1. Because of the absence of a charge gap, the system is not a Chern insulator.
